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The observed dark matter abundance in the Universe can be fully accounted for by a minimally
coupled spectator scalar field that was light during inflation and has sufficiently strong self-coupling.
In this scenario, dark matter was produced during inflation by amplification of quantum fluctuations
of the spectator field. The self-interaction of the field suppresses its fluctuations on large scales,
and therefore avoids isocurvature constraints. The scenario does not require any fine-tuning of
parameters. In the simplest case of a single real scalar field, the mass of the dark matter particle
would be in the range 1 GeV . m . 108 GeV, depending on the scale of inflation, and the lower
bound for the quartic self-coupling is λ & 0.45.
I. INTRODUCTION
The existence of a significant dark matter (DM) com-
ponent in the Universe seems indisputable [1, 2]. How-
ever, due to the increasingly tight constraints on con-
ventional particle DM models [3], fresh ideas are needed
to explain the properties and the observed abundance
of DM, as well as its formation mechanism in the early
Universe. Instead of undergoing usual thermal freeze-
out [4] or, alternatively, non-thermal freeze-in [5–7], dark
matter abundance may have been initiated purely grav-
itationally either during or after cosmic inflation. This
idea dates back to 1980s (see [8] and e.g. [9–11]) but has
recently gained increasing attention, see e.g. [12–26].
In this paper, we will focus on the scenario in which
dark matter is produced by amplification of the vac-
uum fluctuations of a scalar field χ during inflation.
We assume that χ is spectator field, which means that
it is light relative to the Hubble rate during inflation,
its energy density is subdominant, and that its cou-
plings with the Standard Model degrees of freedom are
negligible. This scenario has been discussed before in
Refs. [11, 12, 14, 17, 24].
In contrast to DM creation during the reheating epoch
[16, 26], if the field(s) responsible for DM production were
amplified during inflation, perturbations in the result-
ing dark matter energy density may not coincide with
those in baryonic matter. Observations of the Cosmic
Microwave Background radiation (CMB) by the Planck
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satellite have recently put stringent constraints on the
amount of such isocurvature density perturbations at
large scales [27], and any dark matter model dealing with
inflation has to satisfy these constraints. Indeed, an ex-
ample of this is the axion dark matter model, where the
isocurvature constraints suggest a specific connection be-
tween the energy scale of inflation and the axion decay
constant [28] (see also [23, 29]). In the current scenario, it
has been shown previously that a free minimally coupled
scalar field would violate the isocurvature constraints [24]
(see also [18]).
In this paper we will study the production of self-
interacting DM using the stochastic approach developed
in [30] (see also [11, 31–33]). A similar scenario was origi-
nally studied in [11] but in this paper we will improve the
analysis in several different ways. First and foremost, we
refine the analysis of isocurvature perturbations, showing
that the recent Planck data is not problematic for the
success of the scenario. We will also discuss the effect
of DM self-interactions on the evolution of DM number
density, as well as the current observational constraints
on DM self-interactions that can be inferred from colli-
sions between galaxy clusters. As we will show, the DM
production mechanism we will discuss in this paper is
sufficiently strong to yield the measured DM abundance
for a wide range of masses extending down to sub-GeV
ranges and that all observational bounds considered in
this paper may be avoided with no fine-tuning of pa-
rameters. We will also discuss different ways to test the
scenario.
The paper is organised as follows: in Section II, we
show how cold dark matter forms from an inflationary
condensate. In Section III, we discuss the isocurvature
perturbations inherent to the scenario, and then present
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2the results and observational constraints in Section IV.
Finally, in Section V, we conclude with an outlook.
II. COLD DARK MATTER FROM AN
INFLATIONARY CONDENSATE
A. Production during inflation
Our set-up will be one with a sufficiently decoupled
scalar χ with the potential
V (χ) =
1
2
m2χ2 +
λ
4
χ4 , (1)
in addition to an inflaton sector which we leave unspeci-
fied. We assume that the possible non-minimal couplings
between the field χ and gravity are so small that they do
not affect the following analysis.
Assuming that the mass of the field χ is much smaller
than the Hubble rate during inflation, i.e. V ′′  H2
where ′ denotes derivative with respect to the field, it
will receive excitations from the rapidly expanding back-
ground. Perhaps the simplest way of showing this is by
making use of the stochastic formalism, which shows that
the one-point equilibrium distribution of the field is [30]
P (χ) = N exp
[
− 8pi
2
3H4
V (χ)
]
, (2)
where N is a normalization factor. Specifically, at the
end of inflation there will be a non-zero condensate of
the χ field, whose variance at the end of inflation reads
〈χ2end〉 =
√
3
2pi2
Γ( 34 )
Γ( 14 )
H2end√
λ
≈ 0.132H
2
end√
λ
, (3)
where ’end’ refers to the end of inflation and we assumed
that the χ mass term is negligible compared with the
interaction term during inflation. This requires that
m2  λ〈χ2end〉 ≈ 0.132
√
λH2end. (4)
Furthermore, the condition that χ is light during inflation
requires
〈V ′′(χend)〉 = m2 + 3λ〈χ2end〉
≈ 0.40
√
λH2end . H2end. (5)
The energy density of χ at the end of inflation is
ρendχ (x) =
λ
4
χend(x)
4, (6)
where we have written the argument x explicitly to high-
light the fact that this is a position-dependent quantity.
Initially the χ field remains frozen and therefore its
energy density is constant. When the Hubble friction
drops below the effective mass V ′′(χ), the condensate
begins to oscillate around the minimum at the origin.
Ignoring the bare mass term, this happens when
H2osc = 3λχ
2
end ;
aosc
aend
=
√
Hend
Hosc
, (7)
where ’osc’ denotes the instant when the field starts os-
cillating and aend is the scale factor at the end of infla-
tion. In the above we have assumed that after inflation
the Universe immediately becomes radiation dominated,
however extending our analysis to include a reheating
phase with an arbitrary equation of state is straightfor-
ward, see [21].
Assuming that Eq. (4) is satisfied, the potential is ini-
tially dominated by the quartic term, and therefore the
energy density scales on average as that of radiation,
∝ a−4 [4]
ρχ(a) =
(
aosc
a
)4
ρendχ =
(
aosc
a
)4
λ
4
χ4end
=
H2endχ
2
end
12
(aend
a
)4
, (8)
where we have used Eq. (7) to obtain the last expression.
The final dark matter abundance depends on the later
evolution of the χ field, and in the following we consider
three scenarios: (1) the field χ oscillates coherently until
the present day; (2) it fragments and thermalises with
itself, and eventually freezes out while still relativistic;
and (3) it becomes non-relativistic before freezing out.
Which of these scenarios is realised, is determined by the
values of the parameters.
B. Coherent oscillations
In the simplest case the field χ simply continues to os-
cillate in its potential until present day. As the Universe
expands, the amplitude of the oscillations decreases, and
at some point the quartic term in (1) will become negli-
gible and the mass term will dominate the evolution of
the χ field. After this the energy density of χ will scale
as a cold dark matter component, ∝ a−3.
We will use the standard approximation where the en-
ergy density is assumed to instantaneously go from scal-
ing as ∝ a−4 to ∝ a−3. To calculate when this happens,
we obtain the amplitude χ˜ of the oscillations as
χ˜(a) =
aosc
a
|χend|. (9)
The onset of dust-like scaling behaviour, denoted with
subscript ’dust’, is then determined by the condition that
the two terms in the potential are equal,
1
2
m2χ˜(adust)
2 =
λ
4
χ˜(adust)
4 ⇒ adust =
√
λ
2
|χend|
m
aosc.
(10)
3This allows us to write the result for the energy density
for a > adust, when the χ component behaves as dark
matter
ρχ(a) =
(
adust
a
)3
ρχ(adust) =
√
λ
8
(aosc
a
)3
m|χend|3.
(11)
Using this and conservation of entropy in the visible SM
sector we can write the energy density at the present time
as
ρχ(a0) =
√
λ
8
g∗S(T0)
g∗(Tosc)
(
T0
Tosc
)3
m|χend|3, (12)
where T0 and Tosc refer to the radiation temperature at
the present time and at the start of the χ oscillations,
respectively, g∗S(T0) ≈ 3.909 is the number of effective
entropy degrees of freedom today, and g∗(Tosc) = 106.75
is the number of the effective degrees of freedom at the
start of the oscillation.
The temperature Tosc can be determined from the con-
dition
H2osc = g∗(Tosc)
pi2T 4osc
90M2P
, (13)
where MP = (8piG)
−1/2 ≈ 2.435 × 1018 GeV. Together
with Eq. (7), it gives
Tosc =
(
270λ
g∗(Tosc)pi2
χ2endM
2
P
)1/4
. (14)
Substituting this into Eq. (12) gives
ρχ(a0) =
(
pi2
1080
)3/4
g∗S(T0)
g∗(Tosc)1/4
mT 30
λ1/4
( |χend|
MP
)3/2
.
(15)
Note that this is a position-dependent quantity, because
χend depends on position. Its spatial average can be com-
puted using the one-point probability distribution (2),
which gives
〈|χend|3/2〉 = 6
3/8H
3/2
end
λ3/8pi1/4Γ(1/8)
≈ 0.1952
λ3/8
H
3/2
end , (16)
and hence
〈ρχ(a0)〉 = pi
5/4
615/853/4Γ(1/8)
g∗S(T0)
g∗(Tosc)1/4
mT 30
λ5/8
(
Hend
MP
)3/2
.
(17)
Expressing this an energy fraction Ωχ, we can write
Ωχh
2
0.12
≈ 9.37× 10
6
λ5/8
(
Hend
MP
)3/2
m
GeV
, (18)
which should be equal to one for χ particles to fully ac-
count for the observed dark matter abundance.
C. Thermalisation
If the coupling λ is sufficiently large, the χ conden-
sate will quickly fragment into χ particles with finite
momenta [17, 34]. As discussed in Ref. [17] for quar-
tic self-interactions the condition for complete decay of
the condensate may be written as
Γ(χ˜(adec))
Hdec
' 0.023λ
2/3χ˜(adec)
Hdec
= 1
⇒ m < 0.023λ3/2|χend| , (19)
where Γ(χ˜) is the effective decay rate of the con-
densate into two χ particles and we used χ˜(adec) =
|χend|
√
Hdec/Hosc and 3λχ˜
2(adec) > m
2 to derive a limit
for m. If the bare mass was larger than the upper limit,
the χ condensate does not fragment and the result for co-
herently oscillating condensate (18) remains valid. If the
condensate does fragment, however, we need to calculate
the abundance again.
After thermalisation, the particles will have the tem-
perature
Tχ(a) =
(
15λ
2pi2
)1/4 (aosc
a
)
|χend|. (20)
We will work in the approximation where we assume a
sharp transition between the regime with no decay of the
condensate and complete thermalisation, as defined by
(19). As long as the particles are ultrarelativistic, their
energy density will continue to redshift according to Eq.
(8), and therefore the exact time of thermalisation does
not matter for the following calculation.
To compute the present DM abundance in this case,
let us first consider the case where DM freeze-out from
the χ sector heat bath occurs while the particles are still
relativistic. In this case the number density of the χ par-
ticles is simply given by the ultrarelativistic expression,
nχ(a) =
ζ(3)
pi2
Tχ(a)
3 (21)
=
(
15
2
)3/4
ζ(3)
pi7/2
(aosc
a
)3
λ3/4|χend|3.
Because after their freeze-out the χ particles are no longer
interacting, this expression remains valid even after they
have become non-relativistic. The energy density of the
χ particles at the present time is therefore
ρχ(a0) = mnχ(a0)
=
(
15
2
)3/4
ζ(3)
pi7/2
g∗S(T0)
g∗(Tosc)
(
T0
Tosc
)3
λ3/4m|χend|3
=
ζ(3)
6
√
6pi2
g∗S(T0)
g∗(Tosc)1/4
mT 30
( |χend|
MP
)3/2
(22)
where we used Eq. (14). Using Eq. (16), the average
4energy density is therefore
〈ρχ(a0)〉 = ζ(3)
(6pi2)9/8Γ(1/8)
g∗S(T0)
g∗(Tosc)1/4
mT 30
λ3/8
(
Hend
MP
)3/2
.
(23)
Expressed as an energy fraction Ωχ, this is
Ωχh
2
0.12
≈ 2.63× 10
6
λ3/8
(
Hend
MP
)3/2
m
GeV
. (24)
The difference to Eq. (18) is due to thermalisation chang-
ing the dependence on λ, cf. Eq. (20).
D. Cannibalism
In the third scenario, the freeze-out occurs while the
DM particles are non-relativistic. In that case, when the
self-interactions are large, the χ particles undergo a phase
of cannibalism, where the 4→ 2 self-annihilations dilute
the number density and heat up the χ particles, mak-
ing their temperature scale in a non-trivial way until the
eventual freeze-out [35].
Because entropy is conserved, the ratio ξ ≡ srad/sχ,
where srad and sχ denote entropy density of the SM
sector and the χ particle heat bath, respectively, re-
mains constant after the particles have thermalised with
each other. Assuming that the χ particles thermalise
with each other after the fragmentation of the χ con-
densate but before the produced particles become non-
relativistic, we have
ξ =
g∗S(T )T 3
T 3χ
= 363/4g∗(Tosc)1/4
(
MP
|χend|
)3/2
, (25)
where we used Eqs. (14) and (20). We also assume that
the effective entropy and energy degrees of freedom are
equal and time-independent at early times.
Then, between the moment when the χ particles be-
come non-relativistic and their final freeze-out from their
internal chemical equilibrium, the ratio of entropy densi-
ties is
ξ =
srad
snon−relχ
=
2pi2g∗S(T )T 3
45xn(x)
, (26)
where x ≡ m/Tχ, and
n(x) =
m3
(2pi)3/2
x−3/2e−x (27)
and snon−relχ = xn(x) are the number density and entropy
density of a non-relativistic ideal gas, respectively.
By equating Eqs. (25) and (26), we can relate the SM
photon temperature to the temperature of χ particles as
T =
(
270
√
6
2pi2
)1/3
g∗(Tosc)1/12
g∗S(T )1/3
√
MP
χend
n1/3(x)x1/3.
(28)
Therefore, before the DM freeze-out the Hubble param-
eter can be expressed as
H =
√
pi2g∗(T )
90
T 2
MP
(29)
= 3
(
45
2pi2
)1/6(
g∗(Tosc)
g∗(T )
)1/6
n(x)2/3x2/3
χend
.
The χ particles remain in equilibrium until the Hubble
rate and the number density satisfy the freeze-out condi-
tion
〈σ4→2v3〉n3
H
= 1, (30)
where in the non-relativistic limit [36]
〈σ4→2v3〉 ' 81
√
3λ4
32pim8
. (31)
The moment of freeze-out is therefore
xf (χend) =
25
14
W
(
0.1
(
λ4|χend|
m
)6/25)
, (32)
where W is the principal branch of the Lambert W-
function and we used Eq. (29) to express Hend as a func-
tion of x. If the ratio (30) ever was greater than unity,
invoking principle of detailed balance shows that the χ
particles indeed had thermalised with each other prior to
their eventual freeze-out. Reminiscent to the standard
WIMP case, the final abundance is not sensitive to when
thermalisation occurs.
It is then straightforward to compute the present abun-
dance of χ particles. Expressing the radiation tempera-
ture at the time of freeze-out by Tf , we have
ρχ(a0) = mn(xf )
g∗S(T0)T 30
g∗S(Tf )T 3f
=
pi2
135
√
6
g∗S(T0)
g∗(Tosc)1/4
mT 30
xf (χend)
( |χend|
MP
)3/2
,(33)
where T0 is the CMB photon temperature today. This
expression is valid when xf & 1, whereas in the limit
xf  1, the density is given by Eq. (22). To cover the
whole range of χend, we therefore interpolate between
them with
ρχ(a0) ' pi
2
135
√
6
g∗S(T0)
g∗(Tosc)1/4
mT 30
Xf (χend)
( |χend|
MP
)3/2
,
(34)
where
Xf (χend) = xf (χend) +
2pi4
45ζ(3)
≈ xf (χend) + 3.602.
(35)
Thus
Ωχh
2
0.12
' 1.56× 10
8
g
1/4
∗ (Tosc)M
3/2
P
〈 |χend|3/2
Xf (χend)
〉
m
GeV
, (36)
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FIG. 1. Ratio of Eq. (36) to Eq. (24) as a function of α =
λ15/4Hend/m, showing the relative suppression of the dark
matter abundance due to cannibalism.
where the expectation value needs to be computed nu-
merically. In Fig. 1 we show the ratio of Eq. (36) to
Eq. (24), which shows the relative suppression of the dark
matter abundance due to cannibalism. It is easy to see
by scaling that the ratio only depends on the parame-
ter combination α = λ15/4Hend/m, and approaches one
when α→ 0.
III. ISOCURVATURE PERTURBATIONS
As the dark matter energy density is position-
dependent and does not necessarily track the one of bary-
onic matter at all scales, we need to worry about observa-
tional constraints on isocurvature perturbations. In order
for the χ field generated during inflation to be a viable
dark matter candidate it must not violate the current
rather stringent observational bounds from the Planck
satellite allowing only a small isocurvature component
[27].
Isocurvature between two components is defined as
S ≡ 3H δρi
ρ˙i
− 3H δρj
ρ˙j
, (37)
which straightforwardly gives the isocurvature between
CDM and radiation
S ≡ δρχ
ρχ
− 3
4
δργ
ργ
(38)
at late times.
For calculating the isocurvature perturbations we
choose a gauge where there are no fluctuations in the
inflaton field. In this gauge the curvature perturba-
tion then manifests as a perturbation in the scale fac-
tor δργ/ργ = −4δa/a and furthermore the isocurvature
in the DM fluid ρχ is only sourced by the perturbations
of χend. In each of the three scenarios considered in Sec-
tion II, we can write ρχ(a0) ∝ f(χend). For Eqs. (18) and
(24), we can choose f(χend) = |χend|3/2, and for Eq. (36),
f(χend) =
|χend|3/2
Xf (χend)
. (39)
The isocurvature perturbations (38) are then given by
S =
δ(f(χend))
〈f(χend)〉 , (40)
where the perturbation is defined as
δ (f(χ)) ≡ f(χ(x))− 〈f(χ)〉 , (41)
and from now on for simplicity we drop the subscript
’end’. So quite naturally, if the χ field is perfectly ho-
mogeneous after inflation, isocurvature strictly vanishes
at late times. In our case, as shown by Eqs. (2) and
(3), the field is light during inflation and hence there are
fluctuations in χ, which is then a genuine isocurvature
component. Importantly, despite the field χ having fluc-
tuations, it has a vanishing one-point function.
Eqs. (40) and (41) then give the two-point correlator
for the isocurvature as a function of the n-point correla-
tors of the field χ,
〈S(0)S(r)〉 = 〈f(χ(0))f(χ(r))〉 − 〈f(χ)〉
2
〈f(χ)〉2 . (42)
Equation (42) is an equal-time correlator between two
different points in space. Using de Sitter invariance,
it can be computed as an analytic continuation of an
unequal-time correlator. Generalising the analysis of
Ref. [30], one can write an unequal-time correlator in
terms of the spectral expansion as1
〈f(χ(0))f(χ(t))〉
〈f(χ)〉2 =
∑
n
f2ne
−ΛnHt , (43)
where
fn =
∫
dχψ0(χ)f(χ)ψn(χ)∫
dχψ0(χ)f(χ)ψ0(χ)
, (44)
and Λn and ψn are the eigenvalues and orthonormal
eigenvectors, respectively, of the eigenvalue equation[
1
2
∂2
∂χ2
− 1
2
(
v′(χ)2 − v′′(χ)) ]ψn(χ) = −4pi2Λn
H2
ψn(χ) ,
(45)
1 Note that our normalisation of the eigenvalues Λn differs from
Ref. [30] by factor H.
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FIG. 2. The dependence of f2 on α = λ
15/4Hend/m , leading
to depletion of the DM abundance via cannibalism, as dis-
cussed in Sec. II D. The dashed line corresponds to the case
(49) with no cannibalism.
with
v(χ) =
4pi2
3H4
V (χ). (46)
In our case, f(χ) is an even function, and therefore
only even eigenvalues contribute to the spectral expan-
sion. Furthermore, Λ0 = 0, so the n = 0 term cancels
the disconnected part of the correlator. The leading non-
trivial term at large t is therefore to a good accuracy
〈f(0)f(t)〉 − 〈f〉2
〈f〉2 ≈ f
2
2 e
−Λ2Ht. (47)
A numerical solution of the eigenvalue equation (45)
gives [30]
Λ2 ≈ 4.45370
√
λ
24pi2
≈ 0.28938λ1/2. (48)
Again, the value of f2 depends on the parameters only
through the combination α = λ15/4Hend/m, and α = 0
corresponds to the case with no cannibalism. In this
limit, we obtain
f2 ≈ −0.86683 , (49)
When cannibalism does occur, the value of f2 varies by
only a few percent as shown in Fig. 2. For this reason a
very good approximation is to take f2 a constant given
by (49), which we will choose for now on.
Making use of de Sitter invariance we may relate the
unequal-time correlator (43) to an equal-time correlator
with spatial separation by writing t → (2/H) ln(aHr)
and the isocurvature correlator (42) can then be ex-
pressed as
〈S(0)S(r)〉 ≈ f22 (aHr)−2Λ2 , (50)
where a and H are to be evaluated at the end of inflation.
The power spectrum P(k) of the isocurvature pertur-
bations is defined in the standard manner as a Fourier
transform
P(k) = k
3
2pi2
∫
d3xei
~k·~x〈S(0)S(~x)〉 . (51)
Upon substituting Eq. (50), we obtain
P(k) ≈ A
(
k
k˜
)2Λ2
, (52)
where the scale k˜ = aendHend is the horizon scale at the
end of inflation and
A = 2f
2
2
pi
Γ (2− 2Λ2) sin (Λ2pi)
= 0.4349
√
λ+O (λ) . (53)
Because Λ2 > 0, the spectrum is blue. The spectral
index, defined as P(k) ∝ kn−1, is
n− 1 = 2Λ2 ≈ 0.5788
√
λ. (54)
The difference between the pivot scale k∗ = 0.05Mpc−1
at which the isocurvature perturbations are measured
and the horizon scale at the end of inflation k˜ can be
characterized with the e-fold number
N∗ ≡ ln
(
k˜
k∗
)
≈ 56 + 1
2
ln
(
Hend
8× 1013GeV
)
, (55)
where, in the last expression, we have neglected the small
change in H during inflation and maintained our assump-
tion that the Universe is radiation-dominated from the
end of inflation. Hence our final expression for the isocur-
vature spectrum at the scale k∗ is
P(k∗) = Ae−2Λ2N∗ ≈ 0.43
√
λe−0.58
√
λN∗ . (56)
IV. RESULTS
The current bound for uncorrelated isocurvature be-
tween DM and the CMB photons can be expressed as a
fraction of the curvature power spectrum Pζ = 2.2×10−9
as [27]
P(k∗) . 0.040Pζ(k∗) . (57)
Combining this with Eq. (56) and choosing N∗ = 56 gives
the constraint2
λ & 0.45. (58)
2 For completeness, we note that there is also another branch of
solutions at λ . 10−19. However, as this regime is phenomeno-
logically less interesting, in the present paper we neglect this
possibility.
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FIG. 3. Isocurvature contours in (N∗, λ) space, placing a
lower limit on λ.
In Figure 3, we show the isocurvature contours in (N∗, λ)
space, which demonstrate that for all N∗ ∈ (45, 65) the
isocurvature bound (57) can be avoided while maintain-
ing a perturbative self-interaction.
In Figure 4, we show the allowed parameter space for
the model. The shown bounds are given by requiring
that the χ potential is quartic and the field is light dur-
ing inflation, that the isocurvature spectrum is below the
Planck constraint, and that the scale of inflation is below
the bound given by the non-observation of tensor modes.
These are given, respectively, by Eqs. (4), (5), (56) and
[37]
Hend . 8× 1013 GeV. (59)
The different shades of green denote, from the lightest to
darkest colour, the regions where the condensate never
fragments but oscillates coherently, where the field frag-
ments and the produced particles thermalise but freeze-
out while still relativistic, and finally where cannibalism
may take place. For details, see Section II. The bor-
derline for the region with cannibalism is given by set-
ting xf = 3.60 in Eq. (32) making Eq. (22) equal to
Eq. (33), and the border between the case of a coher-
ently oscillating condensate and the case of thermalisa-
tion may be solved from Eq. (19). For simplicity, for
the isocurvature bound we have assumed that the χ con-
densate fragments throughout the parameter space. We
see that the scenario works for a broad range of masses
1 GeV . m . 108 GeV, depending on the scale of infla-
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1010
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]
V ′′(χ) > H2endm
2 > λ〈χ〉2 ,
isocurvature
tensor modes
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1013GeV 1011GeV 109GeV
FIG. 4. The green region shows the allowed values of the pa-
rameters m and λ, bounded by Eqs. (4), (5), (56) and (59),
with different shades of green corresponding to the three sce-
narios discussed in Section II. The coloured dashed contours
show the dependence on the inflationary scale Hend.
tion. The lower bound for the quartic DM self-coupling
is λ & 0.45, as discussed above.
Finally, we discuss observational properties of the sce-
nario. In the near future, the primordial tensor-to-
scalar ratio r can be either detected above or constrained
at the level r ∼ 10−3 [38–41], which corresponds to
Hend . 8 × 1012 GeV. On the other hand, future ob-
servations of the CMB and the large scale structure of
the Universe will improve limits on primordial isocurva-
ture or, in the best possible scenario, detect it [40, 41].
Furthermore, the Bullet Cluster and collisions between
other galaxy clusters can be used to place an upper
bound on the self-interaction cross section over DM mass,
σ/m ≤ 1cm2g−1 ≈ 4.6×103GeV−3 [42–46], which is rel-
evant for small m. For our theory [19]
σ
m
=
9λ2
32pim3
, (60)
so the the Bullet Cluster imposes a constraint
m
GeV
> 0.027
(
σ/m
cm2/g
)−1/3
λ2/3 . (61)
This bound, however, is weaker than the other con-
straints discussed above. At the same time it shows that
if sizeable DM self-interactions σ/m & 10−4cm2g−1 are
discovered in the future, that would rule out the sim-
plest scenario considered in this paper where all of DM
is generated by inflationary fluctuations with a typical
spectrum.
83 · 10−1 5 · 10−1 1
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FIG. 5. A close up of the parameter space in Fig. 4. The
solid lines denote forecasts for the isocurvature parameter β '
P(k∗)/Pζ(k∗) as marked in the legend, dashed lines denote
forecasts for the tensor-to-scalar ratio r, and dot-dashed lines
for the DM self-interaction cross section over DM mass σ/m.
Detection of either β or r would constrain the pa-
rameters of the model, and discovery of both primordial
isocurvature perturbations and B-mode polarization in
the CMB would single out a point in the model parame-
ter space. As this would unavoidably be at small values
of m (as can be seen in Fig. 5), confirmed detection of
non-zero DM self-interactions should indeed provide an
additional way to probe the scenario, either validating or
ruling out the model studied in this paper.
V. CONCLUSIONS
We have shown that a decoupled sector consisting of a
single massive self-interacting scalar that interacts with
the Standard Model only gravitationally is a viable can-
didate for DM and requires no fine-tuning, providing ar-
guably one of the simplest DM models to date. Our
analysis can be straightforwardly generalised to scenar-
ios in which the scalar interacts with other hidden sector
fields or (sufficiently weakly) with the Standard Model.
As discussed above, the analysis can also be easily mod-
ified to accommodate other cosmological histories. The
analysis and the resulting bounds are therefore expected
to be generic to most weakly coupled DM models with
scalar fields which were sufficiently light during inflation.
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